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CAUSAL CHARACTERS OF ZERO MEAN CURVATURE SURFACES OF
RIEMANN TYPE IN THE LORENTZ-MINKOWSKI 3-SPACE
SHINTARO AKAMINE∗
Abstract. A zero mean curvature surface in the Lorentz-Minkowski 3-space is said to be of
Riemann type if it is foliated by circles and at most countably many straight lines in parallel
planes. We classify all zero mean curvature surfaces of Riemann type according to their causal
characters, and as a corollary, we prove that if a zero mean curvature surface of Riemann type
has exactly two causal characters, then the lightlike part of the surface is a part of a straight line.
1. Introduction
We denote by L3 = {(x, y, t) | x, y, t ∈ R} the Lorentz-Minkowski 3-space with the metric
〈 , 〉 of signature (+,+,−). A zero mean curvature (ZMC, for short) surface in L3 is a surface
whose mean curvature is identically zero. A spacelike one and timelike one are often said to
be a maximal surface and a timelike minimal surface, respectively. There has been a lot of
studies about these classes. For example, there are Weierstrass-Enneper type representation
formulas for maximal surfaces [14] and timelike minimal surfaces [15, 19] similar to the case
of minimal surfaces in the Euclidean 3-space E3. On the other hand, in contrast to the case of
minimal surfaces in E3, motivated by Calabi’s work [1], Cheng and Yau [2] showed that the
only complete maximal surfaces are spacelike planes. From this fact, more general classes of
maximal surfaces with singularities such as maxfaces in [22] or generalized maximal surfaces
in [3] have been frequently studied. Similarly, timelike minimal surfaces with singularities have
been studied and many examples constructed. Note that we use the word singularities in the
sense of points where a surface is not an immersion. Moreover, these surfaces often can be real
analytically extended to ZMC surfaces which havemore than one causal character. For example,
motivated by the works [8, 9, 10, 12, 13], in [6], Fujimori, Kim, Koh, Rossman, Shin, Umehara,
Yamada, and Yang showed that any maxface which has non-degenerate fold-singularities [6,
Definition 2.13] is extended real analytically to a timelike minimal surface. In this extension,
the set of fold singularities of the maxface forms a non-degenerate null curve on a ZMC surface,
where a non-degenerate null curve is a regular curve whose velocity vector field is lightlike
and not proportional to its acceleration vector field everywhere. On the other hand, there are
no similar results for ZMC surfaces whose lightlike parts are straight lines, which degenerate
everywhere. However, several ZMC surfaces which have exactly two causal characters and
their lightlike parts are straight lines were constructed in [4], and there is a one-parameter
family of ZMC surfaces which change their causal characters from spacelike to timelike across
a lightlike line constructed in [5]. These surfaces are the only known examples of ZMC surfaces
which change their causal characters from spacelike to timelike across a lightlike line. From this
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2 S. AKAMINE
viewpoint, the study of ZMC surfaces which have more than one causal character and especially
the construction of examples of ZMC surfaces containing lightlike lines are important.
In this paper, we deal with non-rotational ZMC surfaces foliated by circles and at most
countably many straight lines in parallel planes, called ZMC surfaces of Riemann type, and
study the causal characters of these surfaces. The notion of circles in L3 is defined by López
(see, for example, [16, 17]), and circles in L3 are classified into three cases: Euclidean circles
in spacelike planes, hyperbolas in timelike planes with lightlike asymptotes, and parabolas in
lightlike planes with lightlike axes according to causal characters of planes containing circles
(see also Remark 3.4). Therefore, the class of ZMC surfaces of Riemann type foliated by
these circles is large enough to include some important examples of ZMC surfaces containing
lightlike lines.
Spacelike and timelike ZMC surfaces of Riemann type and, more generally, constant mean
curvature surfaces foliated by circles in L3 have been studied in [16, 17, 18], etc. López [17]
and Honda-Koiso-Tanaka [11] constructed the following parametrizations of ZMC surfaces of
Riemann type foliated by circles in spacelike parallel planes which appear as solutions with
non-constant radii of a system of ordinary differential equations or ODEs, for short (see Remark
3.6):
X(r, θ) =
(∫ r
r0
as2
∆(s) ds + r cos θ, r sin θ,
∫ r
r0
1
∆(s) ds
)
, r ∈ I, θ ∈ R/(2piZ),
where ∆(s) := √a2s4 + bs2 + 1, a > 0, b ∈ R, and I is a certain interval in R. They studied
causal characters of these surfaces. In this paper, we call surfaces as above general type surfaces.
There may be several maximal surfaces, timelike minimal surfaces, and surfaces which have
more than one causal character in the above class. In this paper, we classify all ZMC surfaces
of Riemann type according to their causal characters. More precisely, we prove the following
result (Theorem 4.1 (1)):
Theorem A. Causal characters of the above surface X and the maximal interval of r are
determined as follows:
(i) X is spacelike if and only if 2a < b.
(ii) X is timelike if and only if b < −2a and 0 < r2 < ((−b −
√
b2 − 4a2)/2a2).
(iii) X has both spacelike part and lightlike part and it does not have timelike part if and only if
b = 2a. Moreover, in this case the lightlike part of the surface is a part of a straight line.
(iv) X has both timelike part and lightlike part and it does not have spacelike part if and only if
b = −2a and 0 < r2 < 1/a. Moreover, in this case the lightlike part of the surface is a part of
a straight line.
(v) The surfaces except those stated above are surfaces which have all causal characters. More-
over, in the case that b = −2a and r2 > 1/a, the lightlike part of the surface consists of a part
of a straight line and two non-degenerate null curves.
In addition to the above surfaces, we have found the following new ZMC surfaces of Riemann
type which appear as solutions with constant radii of a system of ODEs, which we call singular
type surfaces (see Remark 3.6):
X(u, θ) =
(
u +
1√
a
cos θ,
1√
a
sin θ, u
)
, (u, θ) ∈ R × R/(2piZ), a > 0,
and prove that these surfaces have timelike part and two lightlike lines (Theorem 4.1. (2)). In
[17], López also constructed ZMC surfaces foliated by hyperbolas and parabolas which appear
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as solutions with non-constant radii of systems of ODEs, which we call general type surfaces
in this paper. In addition to general type surfaces, we also have found ZMC surfaces foliated
by hyperbolas and parabolas which appear as solutions with constant radii of systems of ODEs,
and we call these surfaces singular type surfaces. In Theorems 4.2 and 4.3, we determine
causal characters of general and singular type surfaces. In particular, as a corollary of these
classification theorems, we obtain the following corollary for ZMC surfaces of Riemann type
which have exactly two causal characters.
Corollary B (Corollary 4.4). If a ZMC surface of Riemann type has exactly two causal char-
acters, then the lightlike part is a part of a straight line.
The class of ZMC surfaces containing lightlike lines has been studied in recent years. In [4],
the authors defined the characteristics of ZMC surfaces along a lightlike line, and categorized
these surfaces into the following six classes:
α+, α0I , α
0
II, α
−
I , α
−
II, α
−
III,
and constructed some examples belonging to the above classes (see Table 1 and 2). However, as
mentioned above, ZMC surfaces containing lightlike lines have not been sufficiently discussed.
There are not so many known examples of ZMC surfaces containing lightlike lines. In Section
5, we determine the characteristics of ZMC surfaces of Riemann type containing lightlike lines
which appear in Corollary B above and the one exceptional case (Theorem 5.3 (1) (iii)) and
show that there are one- or two-parameter families of ZMC surfaces of Riemann type which
have a lightlike line with characteristics α+, α−I , α
−
II, and α
−
III.
In Section 6, we consider ZMC entire graphs which have all causal characters. Calabi [1]
showed that there are no maximal entire graphs except for linear functions. However, Kobayashi
[14] found ZMC entire graphs which are called the helicoid of the second kind and Scherk’s
surface of the first kind (see (6.1) and (6.2), respectively). These ZMC entire graphs have all
causal characters. After that, in [21], Sergienko and Tkachev produced several interesting ZMC
entire graphs which admit some isolated singularities. In this paper, we obtain the following
new ZMC entire graph of Riemann type which is foliated by parabolas and has all causal
characters:
X(u, v) =
(
v,−e−4u + u + v
2
2
,−e−4u − u + v
2
2
)
, (u, v) ∈ R2. (1.1)
Most recently, this surfacewas also constructed independently by Fujimori, Kawakami, Kokubu,
Rossman, Umehara and Yamada [7] from a different viewpoint.
The organization of the paper is as follows. In Section 2, we first introduce basic notations
and local theory of surfaces in L3. The most important notion is the causal characters of a
surface (Definition 2.1). In Section 3, we review the parametrizations of ZMC surfaces of
Riemann type foliated by Euclidean circles, hyperbolas, and parabolas, which were constructed
mainly by López in [17] and give new ZMC surfaces of Riemann type which we call singular
type surfaces (Theorems 3.5, 3.7, and 3.10). In Section 4, we determine the causal characters of
all ZMC surfaces of Riemann type (Theorems 4.1, 4.2, and 4.3) and prove Corollary B above.
Moreover, in this section, we explain the relationship between general type and singular type
surfaces. In Section 5, we review the definition of the characteristic of a ZMC surface containing
a lightlike line, which was introduced in [4] and give a useful lemma for the calculation of char-
acteristics (Lemma 5.2). Then, we determine the characteristics of ZMC surfaces of Riemann
type containing a lightlike line (Theorems 5.3, 5.4, and 5.5). In Section 6, we prove that the sur-
face (1.1) is a ZMC entire graph of Riemann type which has all causal characters (Theorem 6.1).
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2. Notations and Preliminaries
Wedenote byL3 the three-dimensional Lorentz-Minkowski space, that is, the three-dimensional
real vector space R3 with the metric
〈 , 〉 = dx2 + dy2 − dt2,
where (x, y, t) are the canonical coordinates in R3. In L3, a vector v has one of the three causal
characters: it is spacelike if 〈v, v〉 > 0 or v = 0, timelike if 〈v, v〉 < 0, and lightlike if 〈v, v〉 = 0
and v , 0. Let Σ := Σ2 be a two-dimensional connected smooth manifold and X : Σ −→
(L3, 〈 , 〉) be a smooth map which is an immersion on an open dense subset W ⊂ Σ. Causal
characters of a surface are defined as follows.
Definition 2.1. A surface X is said to be spacelike, timelike, or lightlike on a subset U in W
if the induced metric on U is positive definite, non-degenerate with index 1, or degenerate on
each tangent plane, respectively. This property of the subsetU is called the causal character of
X on U.
The causal character of a surface X at each point is determined by the causal character of
its normal direction, that is, X is spacelike, timelike, or lightlike at a point p if and only if the
normal direction is timelike, spacelike, or lightlike, respectively.
We denote by ∇ and ∇ the Levi-Civita connections on Σ and L3, respectively. On the
spacelike or timelike part of X , the second fundamental form II and the mean curvature vector−→
H are defined as
II(Y, Z) = ∇YZ − ∇YZ,
−→
H = (1/2) trds2 II,
whereY and Z are smooth vector fields on Σ. Moreover, for the unit normal vector field ν along
X , the mean curvature H of X is defined so that −→H = Hν holds. If we take a local coordinate
system (U; u, v) on Σ then the induced metric can be written as ds2 = Edu2 + 2Fdudv +Gdv2
on U, where E := 〈Xu, Xu〉, F := 〈Xu, Xv〉, G := 〈Xv, Xv〉, Xu = ∂X/∂u and Xv = ∂X/∂v.
The unit normal vector field ν on U is given by
ν =
Xu × Xv√
(EG − F2)
, (2.1)
where
 =
{
1, if the surface is spacelike,
−1, if the surface is timelike,
and × stands for the Lorentzian vector product in L3. Moreover, by equation (2.1), the normal
vector Xu × Xv satisfies
〈Xu × Xv, Xu × Xv〉 = −EG + F2.
Hence, the causal character of the surface X is also determined by the determinant of the induced
metric ds2 = X∗〈 , 〉 on each local coordinate system. Set L := 〈Xuu, ν〉, M := 〈Xuv, ν〉, and
N := 〈Xvv, ν〉. Then the mean curvature H with respect to ν is expressed on U by
H = − 
2
EN − 2FM + GL
EG − F2 .
A surface is called a ZMC surface if its mean curvature vanishes identically on the spacelike
part and the timelike part. By the above equation, the equation H = 0 is independent of the
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causal characters of the surface. Moreover, if the surface is described locally as the graph of a
function f on the xy-plane, the equation H = 0 is equivalent to
(1 − f 2y ) fxx + 2 fx fy fxy + (1 − f 2x ) fyy = 0, (2.2)
which is called the zero mean curvature equation. Since the normal direction of the graph
t = f (x, y) is given by the vector ( fx, fy, 1), then the immersion is spacelike, timelike, or light-
like at a point p if and only if 1− f 2x − f 2y is positive, negative, or zero at p, respectively. These
conditions correspond to the conditions that the partial differential equation (2.2) is elliptic,
hyperbolic, or parabolic, respectively.
3. ZMC surfaces of Riemann type
In [20], Riemann constructed non-rotational minimal surfaces in the three-dimensional Eu-
clidean space R3 which are foliated by circles and straight lines in parallel planes. They are
called Riemann’s minimal surfaces. In this section, we define ZMC surfaces of Riemann type in
L3 and review the parametrizations of them. The following construction is mainly due to López
[17] and Honda-Koiso-Tanaka [11]. Especially, the representation formula (3.2) in Theorem 3.5
is a special case of [11, Proposition 3], and the representation formulas (3.6), (3.7) in Theorem
3.7 and the representation formula (1) in Theorem 3.10 were constructed in [17, Theorem 1].
3.1. Circles inL3. Wewill give definitions of circles inL3 and rotational (resp. non-rotational)
surfaces in L3. Then, by using them, we will define ZMC surfaces of Riemann type.
Definition 3.1 ([16, Definition 2]). Let G = G(l) be the identity component of the group of
isometries inL3 that fixes pointwise a straight line l. The nonlinearG(l)-orbit of each p0 ∈ L3\l
is called a circle in L3.
Definition 3.2 ([14, Section 3] or [17, Section 2]). A surface is said to be rotational (resp.
non-rotational) with axis l if the surface is (resp. is not) invariant under the group G that fixes
pointwise the straight line l in the above definition.
Definition 3.3. A ZMC surface of Riemann type is a non-rotational ZMC surface which is
foliated by circles in L3 and at most countably many straight lines in parallel planes.
Remark3.4. In the above definition, we can remove the assumption that the circles are in parallel
planes. In fact, for any ZMC surface foliated by circles in L3, these circles automatically lie in
parallel planes (see [16, Theorem 4] and [17, Proposition 2]).
Let {e1, e2, e3} be the canonical base inR3, that is, e1 := (1, 0, 0), e2 := (0, 1, 0), e3 := (0, 0, 1).
Circles in L3 are classified into the following three types up to isometries in L3 according to
causal characters of the fixed straight line.
(1) The case that l is timelike. We may assume that l := span{e3}, where ‘span’ denotes the set of
linear combinations. Then every element of the connected component containing the identity
of the isometry group which fixes the line l is written as
A = ©­«
cos θ − sin θ 0
sin θ cos θ 0
0 0 1
ª®¬.
In this case, the circles are Euclidean circles written as
α(θ) = c + r cos θe1 + r sin θe2, c ∈ l, r , 0.
Each circle lies in a timelike plane which is parallel to the xy-plane.
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(2) The case that l is spacelike. We may assume that l := span{e1}. Then every element of the
connected component containing the identity of the isometry group which fixes the line l is
written as
A = ©­«
1 0 0
0 cosh θ sinh θ
0 sinh θ cosh θ
ª®¬.
In this case, the circles are divided into two types of hyperbola:
Type I α(θ) = c + r cosh θe2 + r sinh θe3,
Type II α(θ) = c + r sinh θe2 + r cosh θe3,
where c ∈ l, r , 0. Each circle lies in a timelike plane which is parallel to the yt-plane.
(3) The case that l is lightlike: We may assume that l := span{e2 + e3}. Then every element of
the connected component containing the identity of the isometry group which fixes the line l is
written as
A =
©­­«
1 θ −θ
−θ 1 − θ22 θ
2
2
−θ − θ22 1 + θ
2
2
ª®®¬.
In this case, the circles are parabolas written as
α(s) = c + se1 + rs
2
2
(e2 + e3), r , 0.
Each circle lies in a lightlike plane which is parallel to the plane span{e1, e2 + e3}.
3.2. ZMC surfaces of Riemann type which are foliated by Euclidean circles. The surfaces
foliated by circles in spacelike parallel planes are written as
X(u, θ) = ( f (u) + r(u) cos θ, g(u) + r(u) sin θ, u), u ∈ J, θ ∈ R/(2piZ), (3.1)
where f , g, r are smooth functions in u defined on some interval J satisfying r > 0.
Theorem 3.5. The surface (3.1) is a ZMC surface of Riemann type if and only if the surface is
congruent to the following parametrized surface.
(1) General type:
X(r, θ) =
(∫ r
r0
as2
∆(s) ds + r cos θ, r sin θ,
∫ r
r0
1
∆(s) ds
)
, r, r0 ∈ I, θ ∈ R/(2piZ), (3.2)
where ∆(s) := √a2s4 + bs2 + 1, a > 0, b ∈ R, and I is a certain interval in R.
The condition a , 0 is equivalent to the condition that the surface is non-rotational. The
interval I is determined by the condition that ∆ is positive.
(2) Singular type:
X(u, θ) =
(
u +
1√
a
cos θ,
1√
a
sin θ, u
)
, (u, θ) ∈ R × R/(2piZ), (3.3)
where a > 0.
Remark 3.6. The condition that the surface written as (3.1) is a ZMC surface if and only if,
after a suitable translation and rotation around the t-axis, the functions r , f , and g satisfy the
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following system of ODEs (see the equations (59) and (60) in the proof of [11, Proposition 3]):
f ′ = ar2,
g = 0,
a2r4 − 1 − rr ′′ + r ′2 = 0.
In Theorem 3.5, general type and singular type surfaces correspond to solutions of the system
of ODEs above with non-constant r and constant r , respectively. In (3.1), we obtained singular
type surfaces by taking a parameter u of the function r instead of taking r as an independent
variable.
3.3. ZMC surfaces of Riemann type foliated by circles in timelike parallel planes. The
surfaces foliated by circles in timelike parallel planes are written as
Type I X(u, θ) = (u, f (u) + r(u) cosh θ, g(u) + r(u) sinh θ), (3.4)
Type II X(u, θ) = (u, f (u) + r(u) sinh θ, g(u) + r(u) cosh θ), (3.5)
where u ∈ J, v ∈ R, and J is an open interval on R. r , f , and g are functions on J.
Theorem 3.7. The surfaces (3.4) and (3.5) are ZMC surfaces of Riemann type if and only if
the surfaces are congruent to the following parametrized surfaces, respectively:
(1) General type:
Type I X(r, θ) =
(∫ r
r0
1
∆(s) ds,
∫ r
r0
as2
∆(s) ds,
∫ r
r0
bs2
∆(s) ds
)
+ (0, r cosh θ, r sinh θ) , (3.6)
where r ∈ I, θ ∈ R, and δ, a, b ∈ R, (a, b) , (0, 0), ∆(s) :=
√
(a2 − b2)s4 + 2δs2 − 1.
Type II X(r, θ) =
(∫ r
r0
1
∆(s) ds,
∫ r
r0
as2
∆(s) ds,
∫ r
r0
bs2
∆(s) ds
)
+ (0, r sinh θ, r cosh θ) , (3.7)
where r ∈ I, θ ∈ R, and δ, a, b ∈ R, (a, b) , (0, 0), ∆(s) :=
√
(−a2 + b2)s4 − 2δs2 + 1.
The condition (a, b) , (0, 0) is equivalent to the condition that the surface is non-rotational.
The interval I is determined by the condition that ∆ is positive.
(2) Singular type:
Type I X(u, θ) = u
c
(c, a, b) + 1√
c
(0, cosh θ, sinh θ) , (3.8)
Type II X(u, θ) = u
c
(c, a, b) + 1√
c
(0, sinh θ, cosh θ) , (3.9)
where −a2 + b2 > 0 and c :=
√
−a2 + b2.
Remark 3.8. The surface (3.4) and the surface (3.5) are ZMC surfaces if and only if the
functions r , f , and g satisfy the following systems of ODEs, respectively (see the equations
(24)–(26) and (28)–(30) in the proof of [17, Theorem 1]):
f ′ = ar2,
g′ = br2,
1 + (a2 − b2)r4 + r ′2 − rr ′′ = 0,
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and
f ′ = ar2,
g′ = br2,
1 + (a2 − b2)r4 − r ′2 + rr ′′ = 0.
In Theorem 3.7, general type and singular type surfaces correspond to solutions of the systems
of ODEs above with non-constant r and constant r , respectively. In (3.4) and (3.5), we have
obtained singular type surfaces by taking a parameter u of the function r instead of taking r as
an independent variable.
Remark 3.9. As well as the parametrizations (3.2) and (3.3), we can normalize the constants
a and b in (3.6)–(3.9) as follows. When |a| , |b|, after an isometry in L3 which fixes the axis
l = span{e1} and a reparametrization of the surface X , we can take a = 0 or b = 0 depending on
the relation |a| < |b| or |a| > |b|. For the case |a| = |b|, we can also normalize (a, b) = (1, 1).
3.4. ZMC surfaces of Riemann type foliated by circles in lightlike parallel planes. The
surfaces foliated by circles in lightlike parallel planes are written as
X(u, v) =
(
f (u) + v, g(u) + u + r(u)v
2
2
, g(u) − u + r(u)v
2
2
)
, (3.10)
where u ∈ J, v ∈ R, and f , and g are functions on J, and r is a function which has no zeros.
J is the set of open intervals in R where all of the functions r , f , and g in Theorem 3.10 are
well-defined.
Theorem 3.10. The surface (3.10) is a ZMC surface of Riemann type if and only if the triple
{r , f , g} satisfies one of the following four conditions.
(1) General type:
(i) r(u) = 1−2u + c,
f (u) = 4b
3
u3 − 2bcu2 + bc2u,
g(u) =
∫ u
0
(b2(s2 − cs) + p)(c − 2s)2ds,
b ∈ R \ {0}, c, p ∈ R.
The condition b , 0 is equivalent to the condition that the surface is non-rotational (see
Proposition 1 in Appendix A).
(ii) r(u) =
√
a
2
tan{√2a(u + c)},
f (u) = −
√
2b
a
3
2
cot{√2a(u + c)} − 2b
a
(u + c),
g(u) = − b
2
√
2a
5
2
cot{√2a(u + c)} + p
4
√
2a
sin{2√2a(u + c)} + ( p
2
− b
2
a2
)(u + c),
a > 0, b, c, p ∈ R.
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(iii) r(u) =
√
− a
2
tanh{√−2a(−u + c)},
f (u) = −
√
2b
a
√−a coth{
√−2a(−u + c)} − 2b
a
(u + c),
g(u) = − b
2
a2
√−2a
coth{√−2a(−u + c)} − p
4
√−2a
sinh{2√−2a(−u + c)} + (b
2
a2
− p
2
)(−u + c),
a < 0, b, c, p ∈ R.
(2) Singular type:
r(u) =
√
− a
2
,
f (u) = −2b
a
u,
g(u) = pe−2
√−2au − b
2
a2
u,
a < 0, b, p ∈ R.
Remark 3.11. The functions r , f , and g are the solutions of following ODEs (see the equations
(35)–(38) in the proof of [17, Theorem 1]):
r ′ = 2r2 + a, (3.11)
r2 f ′ = b, (3.12)
b2
r3
+ 4rg′ + g′′ = 0. (3.13)
(3.11), (3.12), and (3.13) are equivalent to the condition that the surface X is a ZMC surface,
and the cases (i), (ii), and (iii) are corresponding to the cases a = 0, a > 0, and a < 0 in
the equation (3.11). In Theorem 3.10, general type and singular type surfaces correspond to
solutions of the system of ODEs above with non-constant r and constant r , respectively. In
(3.10), we have obtained singular type surfaces by taking a parameter u of the function r instead
of taking r as an independent variable.
Remark 3.12. In Theorem 3.10, we used different integral constants from constants in Theorem
1 in [17] so that our expression is more convenient to check the causal characters of surfaces.
We also corrected some typographical errors in [17].
4. Causal characters of ZMC surfaces of Riemann type
In this section we classify ZMC surfaces of Riemann type constructed by the previous section
by their causal characters.
4.1. Causal characters of ZMC surfaces of Riemann type foliated by Euclidean circles.
Theorem 4.1. Causal characters of ZMC surfaces given by (3.2) or (3.3) and the maximal
interval of r are determined as follows.
(1) General type:
(i) The surface X is spacelike if and only if 2a < b.
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(ii) The surface X is timelike if and only if
b < −2a and 0 < r2 < ((−b −
√
b2 − 4a2)/2a2).
(iii) The surface X has both a spacelike part and a lightlike part and it does not have a timelike
part if and only if b = 2a. Moreover, in this case the lightlike part of the surface is a part of a
straight line.
(iv) The surface X has both a timelike part and a lightlike part and it does not have a spacelike
part if and only if b = −2a and 0 < r2 < 1/a. Moreover, in this case the lightlike part of the
surface is a part of a straight line.
(v) The surfaces except those stated above are surfaces which have all causal characters. More-
over, in the case that b = −2a and r2 > 1/a, the lightlike part of the surface consists of a part
of a straight line and two non-degenerate null curves.
(2) Singular type:
Every singular type surface has timelike part and two lightlike lines and it does not have
spacelike part.
Proof. First we prove (1). (i) and (ii) are special cases of (II) and (III) of [11, Proposition 3],
respectively. Now, we consider the other cases. Since the normal vector of the surface (3.2) is
Xr × Xθ =
(
−r cos θ
∆(r) ,−
r sin θ
∆(r) ,−r −
ar3 cos θ
∆(r)
)
, the determinant of the metric with respect to the local coordinate system (r, θ) is
EG − F2 = − r
2
∆(r)2
(
1 + ar2 cos θ + ∆(r)
) (
1 − ar2 cos θ − ∆(r)
)
. (4.1)
Set ξ(r, θ) := 1 + ar2 cos θ + ∆(r) and η(r, θ) := 1 − ar2 cos θ − ∆(r).
First, we determine the condition that a surface X has both a spacelike part and a lightlike
part. Since ξ and η are continuous functions on the connected domain I × R and ξ + η = 2
holds, if ξ or η changes its sign, EG − F2 also changes its sign, and ξ > 0 for some point of the
domain I × R/(2piZ). Therefore, the condition that EG − F2 ≥ 0 on I × R is equivalent to the
following:
ξ ≥ 0 and η ≤ 0 on I × R. (4.2)
The first condition is equivalent to ∆(r) > ar2 − 1 on I, and the second one is equivalent to
∆(r) > ar2 + 1 on I, that is, (4.2) is equivalent to b ≥ 2a. In this case, ∆ is positive for every
r ∈ R, and therefore we obtain I = R. Since the condition b > 2a is the spacelike condition
(i), the surface has both a spacelike part and a lightlike part if and only if b = 2a. Next, we
determine the lightlike part of the surface. When b = 2a, ∆ = ar2 + 1 and so I = R. In this
case we can take r0 = 0 in the equation (3.2). By (4.1),
EG − F2 = r
2
∆(r)2
(
2 + ar2 cos θ + ar2
) (
ar2 cos θ + ar2
)
.
Since ar2 cos θ + ar2 ≥ 0, the surface has the following lightlike part:
c(r) = (x(r), y(r), z(r)) = X(r, pi) =
(∫ r
0
as2
as2 + 1
ds − r, 0,
∫ r
0
1
as2 + 1
ds
)
,
Since x(r) + z(r) = 0, the lightlike part is a part of a straight line. The proof of (iii) has been
completed.
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Second, we determine the condition that a surface X has both timelike part and lightlike part.
The condition that EG − F2 ≥ 0 on I × R is equivalent to the following:
ξ ≥ 0 and η ≥ 0 on I × R. (4.3)
The first condition is equivalent to ∆(r) ≥ ar2 − 1 on I, and the second one is equivalent to
1 − ar2 ≥ ∆(r) on I, that is, (4.3) is equivalent to b ≤ −2a and r2 < 1a . By considering
the condition ∆ > 0, this is equivalent to b ≤ −2a and r2 < ((−b −
√
b2 − 4a2/2a2). Since
the condition b < −2a is the timelike condition (ii), the surface has both a timelike part and a
lightlike part if and only if b = −2a and r2 < 1/a. In this case we can take r0 = 0 in the equation
(3.2). Next, we determine the lightlike part of the surface. In this case, since ∆ = 1− ar2, (4.1)
becomes
EG − F2 = − r
2
∆(r)2
(
2 + ar2 cos θ − ar2
) (
−ar2 cos θ + ar2
)
.
Since 2 + ar2 cos θ − ar2 ≥ 2(1 − ar2) > 0 and −ar2 cos θ + ar2 ≥ 0, EG − F2 ≥ 0 holds, that
is, the surface has timelike part and the following lightlike part:
c(r) = (x(r), y(r), z(r)) = X(r, 2pi) =
(∫ r
0
as2
1 − as2 ds + r, 0,
∫ r
0
1
1 − as2 ds
)
,
Since x(r) − z(r) = 0, the lightlike part is a part of a straight line. The proof of (iv) has been
completed.
Third, we determine the condition that a surface X has all causal characters. Since a , 0,
EG − F2 is not identically zero. Therefore, there is no lightlike surface. This means that
surfaces except those stated above are surfaces which have all causal characters. Now, assume
that the conditions b = −2a and r2 > 1/a hold. Since ∆ = ar2 − 1, (4.1) becomes
EG − F2 = − r
2
∆(r)2
(
ar2 cos θ + ar2
) (
2 − ar2 cos θ − ar2
)
.
Note that ξ(r, θ) = ar2 cos θ +ar2 ≥ 0 and the continuous function η(r, θ) = 2−ar2 cos θ −ar2
satisfies
2(1 − ar2) ≤ η(r, θ) ≤ 2.
Since 1−ar2 < 0, EG−F2 changes its sign. Therefore, the surface changes its causal characters.
Moreover, the surface is lightlike on the domain which satisfies either ξ(r, θ) = 0, that is,
θ = (2k + 1)pi, k ∈ Z,
or η(r, θ) = 0. When the case that ξ(r, θ) = 0, the lightlike part is a part of a straight line as in
the case (iv), and then the surface is timelike along the straight line. Next we consider the case
that η(r, θ) = 0. Since r cos θ = (2 − ar2)/ar , the lightlike part is written as the following two
curves:
c(r) = X(r, θ(r)) = ©­­«
∫ r
r0
as2
as2 − 1 ds +
2 − ar2
ar
,±r
√√
1 −
(
2 − ar2
ar2
)2
,
∫ r
r0
1
as2 − 1 ds
ª®®¬ ,
and these curves are not straight lines. The proof of (v) and so the proof of (1) have been
completed.
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Now we prove (2). By a straightforward computation, the determinant of the induced metric
of the surface (3.3) with respect to the local coordinate system (u, θ) is −(1/a) sin2 θ. Therefore,
the surface has a timelike part and the following two lightlike lines:
c+(u) = X(u, 0) = u (1, 0, 1) +
1
√
a
(1, 0, 0) , c−(u) = X(u, pi) = u (1, 0, 1) −
1
√
a
(1, 0, 0) .

At the end of this subsection, it should be noted that there is a relationship between singular
type surfaces and the asymptotic behaviors of some general type surfaces. If we consider a
ZMC surface of Riemann type which belongs to the class (iv) in Theorem 4.1, this surface has
the following implicit form:
(x − t + r(t))2 + y2 = r(t)2, r(t) = 1√
a
tanh (√at).
By taking limits r → ±(1/√a) on the surface (which correspond to t → ±∞), we obtain(
x − t ± 1√
a
)2
+ y2 =
1
a
.
These surfaces are nothing but the singular type surfaces (3.3) up to a translation in L3 and
Figures 4 and 5 in Section 5.2 are pictures of the above two surfaces.
4.2. Causal characters of ZMC surfaces of Riemann type foliated by hyperbolas.
Theorem 4.2. Causal characters of ZMC surfaces of Riemann type which are given by (3.6),
(3.7), (3.8), or (3.9) and the maximal interval of r are determined as follows.
(1) General type:
Type I: Timelike on whole domain.
Type II:
(i) There is no Type II spacelike surface on I × R.
(ii) The surface X is timelike if and only if
|b| ≥ |a|, and if we define c :=
√
−a2 + b2, then one of the following three conditions holds.
(ii-1) In the case when a < b,
|δ | < c, 0 ≤ c ≤ −δ, or ‘0 < c ≤ δ and r2 > δ +
√
δ2 − c2
c2
’.
(ii-2) In the case when a = b,
a = b > 0 and δ ≤ 0.
(ii-3) In the case when a > b,
0 < c < δ and r2 >
δ +
√
δ2 − c2
c2
.
(iii) There is no Type II surface which has both a spacelike part and a lightlike part and it does not
have a timelike part.
(iv) The surface X has both a timelike part and a lightlike part and it does not have a spacelike
part if and only if |b| > |a|, and if we define c :=
√
−a2 + b2, then one of the following two
conditions holds.
(iv-1) In the case when a < b,
0 < c = δ and 0 < r2 <
1
c
.
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(iv-2) In the case when a > b,
0 < c = δ and r2 >
1
c
.
Moreover in this case, the lightlike part of the surface is a part of a straight line.
(v) The Type II surfaces except those stated above are surfaces which have all causal characters.
(2) Singular type:
Type I: Timelike on whole domain.
Type II: The surface has timelike part and a lightlike line and it does not have spacelike part.
Proof. First we prove (1). The Type I surface X is written as (3.6). By a straightforward
calculation, we get
Xr × Xθ =
(
ar3 cosh θ
∆(r) + r −
br3 sinh θ
∆(r) ,−
r cosh θ
∆(r) ,−
r sinh θ
∆(r)
)
,
and then
〈Xr × Xθ , Xr × Xθ〉 =
(
ar3 cosh θ
∆(r) + r −
br3 sinh θ
∆(r)
)2
+
(
r
∆(r)
)2
> 0.
Therefore, the normal vector of the surface is spacelike, which means that the surface is timelike
on whole domain.
The Type II surface X is written as (3.7). By a straightforward calculation, we get
Xr × Xθ =
(
ar3 sinh θ
∆(r) − r −
br3 cosh θ
∆(r) ,−
r sinh θ
∆(r) ,−
r cosh θ
∆(r)
)
,
and then
〈Xr × Xθ, Xr × Xθ〉 =
(
ar3 sinh θ
∆(r) − r −
br3 cosh θ
∆(r)
)2
−
(
r
∆(r)
)2
=
(
r
∆(r)
)2 {(
ar2 sinh θ − ∆(r) − br2 cosh θ
)2 − 1}
=
(
r
∆(r)
)2 (
ar2 sinh θ − br2 cosh θ − ∆(r) + 1
) (
ar2 sinh θ − br2 cosh θ − ∆(r) − 1
)
.
If we define a new parameter s := eθ , then
ar2 sinh θ − br2 cosh θ − ∆(r) + 1
=
1
2s
{(a − b)r2s2 + 2(−∆(r) + 1)s − (a + b)r2} , and
ar2 sinh θ − br2 cosh θ − ∆(r) − 1
=
1
2s
{(a − b)r2s2 + 2(−∆(r) − 1)s − (a + b)r2} .
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Therefore, if we define φ := φ(r, s) = (a− b)r2s2 +2(−∆(r)+1)s− (a+ b)r2 and ψ := ψ(r, s) =
(a − b)r2s2 + 2(−∆(r) − 1)s − (a + b)r2, then
EG − F2 = −〈Xr × Xθ, Xr × Xθ〉 = −
(
r
2s∆(r)
)2
φψ. (4.4)
First, we determine the condition that a Type II surface X is spacelike. By (4.4) and φ = ψ+4s,
the surface X is spacelike on I × R if and only if
φ > 0 and ψ < 0 on I × R>0. (4.5)
Then we get a = b, and in this case φ and ψ are as follows:{
φ = 2(−∆(r) + 1)s − 2ar2, (4.6a)
ψ = 2(−∆(r) − 1)s − 2ar2. (4.6b)
Since φ > 0 and ψ < 0, we get a < 0 and a > 0 respectively. It is a contradiction and hence the
proof of (i) has been completed.
Second, we determine the condition that a Type II surface X is timelike. By (4.4) and
φ = ψ + 4s, the surface X is timelike on I × R if and only if
φ < 0 or ψ > 0 on I × R. (4.7)
Let us consider the condition that φ < 0. If we assume that a − b > 0, then for arbitrary
r > 0, there exist a large s > 0 such that φ(r, s) > 0, which is a contradiction. Therefore we
obtain a ≤ b. When a = b(, 0), the functions φ and ∆ are written as follows:
φ(r, s) = 2(−∆(r) + 1)s − 2ar2,
∆(r) =
√
−2δr2 + 1.
Therefore the condition φ < 0 on I × R>0 if and only if
− ∆(r) + 1 ≤ 0 on I and a > 0,
which is equivalent to
δ ≤ 0 and a > 0.
The maximal interval I is determined by the condition ∆ > 0. Since δ ≤ 0, we obtain I = R>0.
When a < b, φ < 0 on I ×R>0 if and only if for every r ∈ I, the one of the following is true:
(−∆(r) + 1)2 + (a2 − b2)r4 < 0 or (4.8a)
“(−∆(r) + 1)2 + (a2 − b2)r4 ≥ 0 and
s0(r) :=
(∆ − 1) −
√
(−∆(r) + 1)2 + (a2 − b2)r4
(a − b)r2 ≤ 0.” (4.8b)
If (4.8a) holds for a r ∈ I, then a2 − b2 < 0 and we can take c :=
√
−a2 + b2 > 0. Using the
constant c, (4.8a) can be written as follows:
(−∆(r) + 1)2 − c2r4 < 0,
which is equivalent to { −∆(r) + 1 + cr2 > 0 and (4.9a)
−∆(r) + 1 − cr2 < 0. (4.9b)
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Considering the condition ∆ > 0, (4.9a) is equivalent to
(1 + cr2)2 > ∆(r)2,
that is, we obtain c > −δ.
(4.9b) is equivalent to {
1 − cr2 ≤ 0 or (4.10a)
1 − cr2 > 0 and 1 − cr2 < ∆(r). (4.10b)
In the case of (4.10b), taking the square of both sides of the inequality 1 − cr2 < ∆(r), (4.10b)
is equivalent to c > δ and r2 <
1
c
. Therefore (4.8a) is equivalent to
c > −δ and 1
c
≤ r2, or (4.11a)
c > −δ, c > δ, and r2 < 1
c
. (4.11b)
Next we determine the maximal interval I, which is determined by the condition that ∆(r) > 0.
In the case of (4.11b), the discriminant of ∆(r)2 = c2r4 − 2δ + 1 is δ2 − c2 < 0, then we can
take I = (−1/√c, 1/√c). In the case of (4.11a), if c > δ we can take I = (−∞,−1/√c], or
[1/√c,∞) for the same reason as above. If c ≤ δ, then the discriminant of ∆(r)2 = c2r4−2δ+1
is δ2 − c2 ≥ 0, and by considering the following inequality:
δ − √δ2 − c2
c2
≤ 1
c
≤ δ +
√
δ2 − c2
c2
,
(4.11a) is equivalent to 
c > |δ | and r2 ≥ 1
c
, or
0 < c ≤ δ and δ +
√
δ2 − c2
c2
< r2.
Combining (4.11b), (4.8a) is equivalent to
c > |δ | or (4.12a)
0 < c ≤ δ and δ +
√
δ2 − c2
c2
< r2. (4.12b)
Next we consider the condition (4.8b). If we assume that a2 − b2 > 0, by the following
inequality: √
(−∆(r) + 1)2 + (a2 − b2)r4 > |1 − ∆|,
then we obtain
s0(r) >
(∆ − 1) − |1 − ∆|
(a − b)r2 ≥ 0,
which is a contradiction. Therefore we get a2 − b2 ≤ 0, and take c :=
√
−a2 + b2. Using the
constant c, (4.8b) is equivalent to the following conditions:{
(−∆ + 1)2 − c2r4 ≥ 0 and (4.13a)
(∆ − 1) −
√
(−∆ + 1)2 − c2r4 ≥ 0. (4.13b)
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Since (−∆ + 1)2 − c2r4 = (−∆ + 1 + cr2)(−∆ + 1 − cr2) and c ≥ 0, (4.13a) is equivalent to{
1 + cr2 ≤ ∆ or
1 − cr2 ≥ ∆,
that is, {
c ≤ −δ or (4.14a)
c ≤ δ. (4.14b)
on the other hand, clearly, (4.13b) is equivalent to ∆(r) ≥ 1, which is
c = 0 and δ ≤ 0, or (4.15a)
c , 0 and r2 ≥ 2δ
c2
. (4.15b)
By (4.14a), (4.14b), (4.15a) and (4.15b), (4.8b) is equivalent to
0 ≤ c ≤ −δ or (4.16a)
0 < c ≤ δ and r2 ≥ 2δ
c2
. (4.16b)
Therefore, by (4.12a), (4.12b), (4.16a) and (4.16b), (4.8a) and (4.8b) are equivalent to
c > |δ | or
0 < c ≤ δ and δ +
√
δ2 − c2
c2
< r2, or
0 ≤ c ≤ −δ or
0 < c ≤ δ and r2 ≥ 2δ
c2
.
In the case that 0 < c ≤ δ, since
δ +
√
δ2 − c2
c2
< r2 ≤ δ +
√
δ2
c2
=
2δ
c2
, the above condition is equivalent to

c > |δ | or
0 ≤ c ≤ −δ or
0 < c ≤ δ and δ +
√
δ2 − c2
c2
< r2.
The above inequalities are the equivalent condition that φ < 0 and a < b.
Next, let us consider the condition that ψ > 0. If we assume that a− b < 0, then for arbitrary
r > 0, there exist a large s > 0 such that ψ(r, s) > 0, which is a contradiction. Therefore we
obtain a ≥ b. When a = b(, 0), since ψ = 2(−∆(r) − 1)s − 2ar2, the condition ψ > 0 does not
hold.
When a > b, ψ > 0 on I ×R>0 if and only if for every r ∈ I, the one of the following is true:
(∆(r) + 1)2 + (a2 − b2)r4 < 0 or
“(∆(r) + 1)2 + (a2 − b2)r4 ≥ 0 and ∆(r) + 1 +
√
(∆(r) + 1)2 + (a2 − b2)r4
(a − b)r2 ≤ 0.”
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Clearly, the latter case does not occur, and we can take c :=
√
−a2 + b2 > 0. Since
(∆(r) + 1)2 − c2r4 = (∆(r) + 1 + cr2)(∆(r) + 1 − cr2), the condition that ψ > 0 on I × R>0 is
equivalent to −a2 + b2 > 0, 0 < c < δ, and r2 > 1/c under the condition that ∆(r) > 0. The
maximal interval I is determined by the conditions that ∆(r) > 0 and r2 > 1/c. Noting that the
discriminant of c2r4 − 2δr2 + 1 is δ2 − c2 > 0 and by the following inequalities
δ − √δ2 − c2
c2
<
1
c
<
δ +
√
δ2 − c2
c2
,
we can take I which satisfies r2 > (δ + √δ2 − c2)/c2. The proof of (ii) has been completed.
Third, we determine the condition that a Type II surface X has both spacelike part and
lightlike part. By (4.4), this condition is equivalent to{
φψ ≤ 0, and
φ or ψ have a zero point.
Let r ∈ I be fixed arbitrarily. If there exists a s > 0 such that φ(r, s) < 0, then φψ(r, s) > 0,
which is a contradiction. Therefore we get φ ≥ 0, especially a− b ≥ 0. Similarly, if there exists
a s > 0 such that ψ(r, s) > 0, then φψ(r, s) > 0, which is a contradiction. Therefore we get
a − b ≤ 0, and then a = b. In this case, φ and ψ are written as (4.6a) and (4.6b).
Since φ ≥ 0 and ψ ≤ 0, we get a < 0 and a > 0, respectively. This is a contradiction, and
hence, the proof of (iii) has been completed.
Fourth, we determine the condition that a Type II surface X has both a timelike part and a
lightlike part. By (4.4) and the relation φ = ψ + 4s, the condition is equivalent to{
φ ≤ 0 on I × R>0 and φ has a zero point, or (4.18a)
ψ ≥ 0 on I × R>0 and ψ has a zero point. (4.18b)
Let us consider the condition (4.18a). Now, we get a − b < 0 from the condition, and there
exists a r ∈ I such that 
(−∆(r) + 1)2 + (a2 − b2)r4 = 0, and (4.19a)
s1(r) :=
∆(r) − 1
(a − b)r2 > 0. (4.19b)
Since a < b, (4.19b) is equivalent to ∆(r) − 1 < 0. Therefore by (4.19a), we get a2 − b2 < 0
and take c :=
√
−a2 + b2 > 0. Using the constant c and the condition ∆(r) − 1 < 0, (4.19a)
is equivalent to −∆(r) + 1 − cr2 = 0, that is, c = δ, and in this case we get the r satisfies the
condition that r2 < 1/c. Conversely, if we assume that a − b < 0, a2 − b2 < 0, c = δ, and
r2 < 1/c, then we get ∆(r) = 1 − cr2, (4.19a), and (4.19b) for any r ∈ I, and hence, (4.18a)
also holds. In this case we can take r0 = 0 in the equation (3.7).
Next, we determine the lightlike part of the surface. By (4.19b) and ∆(r) = 1 − cr2, the
surface is lightlike on the domain
s1(r) = s1 =
c
b − a.
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If we define θ1 := log s1, the lightlike part of the surface is
c(r) := X(r, θ1) =
(∫ r
0
1
∆(s) ds,
∫ r
0
as2
∆(s) ds,
∫ r
0
bs2
∆(s) ds
)
+ (0, r sinh θ1, r cosh θ1) ,
Since sinh θ1 =
a
c
and cosh θ1 =
b
c
,
c(r) = 1
c
∫ r
0
1
∆(s) ds (c, a, b) .
Therefore the lightlike part is a part of a straight line.
Next, let us consider the condition(4.18b). Now, we get a − b > 0 from the condition, and
there is a r ∈ I such that 
(∆(r) + 1)2 + (a2 − b2)r4 = 0 and (4.20a)
s2 :=
∆(r) + 1
(a − b)r2 > 0. (4.20b)
Since a − b > 0, (4.20b) always holds. By (4.20a), we get a2 − b2 < 0 and take c :=√
−a2 + b2 > 0, (4.20a) is equivalent to ∆(r) + 1 − cr2 = 0. By squaring both sides, we get
c = δ and r2 > 1/c. Conversely, if we assume that a− b > 0, a2 − b2 < 0, c = δ, and r2 > 1/c,
then we get ∆(r) = cr2 − 1, (4.20a), and (4.20b) for any r ∈ I, and hence, (4.18b) also holds.
Next, we determine the lightlike part of the surface. By (4.20b) and ∆(r) = cr2 − 1, the surface
is lightlike on the domain
s2(r) = s2 =
c
a − b.
If we define θ2 := log s2, the lightlike part of the surface is
c(r) := X(r, θ2) =
(∫ r
r0
1
∆(s) ds,
∫ r
r0
as2
∆(s) ds,
∫ r
r0
bs2
∆(s) ds
)
+ (0, r sinh θ2, r cosh θ2) .
Since sinh θ2 = −
a
c
and cosh θ2 = −
b
c
,
c(r) = 1
c
∫ r
r0
1
∆(s) ds (c, a, b) −
1
c
(0, a, b) r0.
Therefore, the lightlike part is a part of a straight line, and hence, the proof of (iv) has been
completed.
Fifth, we determine the condition that a Type II surface X has all causal characters. The
surface X is lightlike on I × R if and only if φ and ψ are zero functions. In this case, we get
a = b = 0, which is a contradiction. Therefore, the Type II surfaces except those stated above
are ZMC surfaces which have all causal characters.
Now we prove (2). For the Type I surface X , by a straightforward computation, the determi-
nant of the induced metric of the surface (3.8) is −(1/c3) (a sinh θ − b cosh θ)2. If we assume
that a sinh θ − b cosh θ = 0, then we get the equation e2θ = (a + b)/(a − b), which contradicts
the condition −a2 + b2 > 0. Therefore, the surface is timelike.
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For the Type II surface X , by a straightforward computation, the determinant of the
induced metric of the surface (3.9) with respect to the local coordinate system (u, θ) is
−(1/c3) (b sinh θ − a cosh θ)2. Therefore, if we define θ0 := 12 log (a + b)/(−a + b), the surface
has timelike part and the following lightlike line:
c(u) := X(u, θ0) = uc (c, a, b) +
1
√
c
(0, sinh θ0, cosh θ0) .

At the end of this subsection, it should be noted that there is a relationship between singular
type surfaces and the asymptotic behaviors of some general type surfaces. If we consider a Type
II ZMC surface of Riemann type which belongs to the class (iv) in Theorem 4.2, this surface
has the following implicit form up to a translation:(
t − b
c
x +
b
c
r(x)
)2
−
(
y − a
c
x +
a
c
r(x)
)2
= r(x)2, r(t) = 1√
c
tanh (√cx).
By taking limits r → ±1/√c on the surface (which correspond to x → ±∞), we obtain(
t − b
c
x ± b
c
√
c
)2
−
(
y − a
c
x ± a
c
√
c
)2
=
1
c
.
These surfaces are nothing but the singular type surfaces (3.9) up to a translation in L3 and
Figure 7 and 8 in Section 5.3 are pictures of the above two surfaces.
4.3. Causal characters of ZMC surfaces of Riemann type foliated by parabolas. ZMC
surfaces of Riemann type which are foliated by circles in lightlike parallel planes are written as
in Theorem 3.10.
Theorem 4.3. Let J be the maximal interval of the functions r , f , and g in Theorem 3.10.
Causal characters of ZMC surfaces of Riemann type which are foliated by circles in lightlike
parallel planes and satisfy one of the four conditions in Theorem 3.10 are determined as follows.
(1) General type: Causal characters of general type surfaces are determined as follows.
(i) The surface X is spacelike on J × R if and only if a > 0 and p < 0.
(ii) The surface X is timelike on J × R if and only if a < 0 and p < 0.
(iii) The surface X has both a spacelike part and a lightlike part and it does not have a timelike
part if and only if a > 0 and p = 0. Moreover in this case, the lightlike part is a part of a
straight line.
(iv) The surface X has both a timelike part and a lightlike part and it does not have a spacelike
part if and only if a < 0 and p = 0. Moreover in this case, the lightlike part is a part of a
straight line.
(v) The surfaces except those stated above are ZMC surfaces which change their causal characters.
(2) Singular type: Causal characters of singular type surfaces are determined as follows.
(i) The surface X is timelike if and only if p > 0.
(ii) The surface X has both a timelike part and a lightlike part and it does not have a spacelike
part if and only if p = 0. Moreover in this case, the lightlike part is a straight line.
(iii) The surface X has all causal characters if and only if p < 0.
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Proof. First we prove (1). By (3.10), the determinant of the induced metric with respect to the
local coordinate system (u, v) is EG − F2 = 4g′(u) − 4r(u) f ′(u)v + (2r ′(u) − 4r(u)2)v2. By
substituting the equations (3.11) and (3.12), we get
EG − F2 = 2{2g′(u) − 2 b
r(u)v + av
2}. (4.21)
Then causal characters are determined as follows.
First, we determine the condition that a surface X is spacelike. If we assume a = b = 0,
then it contradicts Theorem 3.10. Therefore by considering the discriminant of the right-hand
side of (4.21) for every u ∈ J, the spacelike condition on J × R is a > 0 and for arbitrary
u ∈ J, (b2/r(u)2) − 2ag′(u) < 0. When a > 0, by Theorem 3.10 we get (b2/r(u)2) − 2ag′(u) =
−2ap cos2{√2a(u + c)}. Therefore X is spacelike if and only if a > 0 and p > 0. The
maximal interval J is determined by the condition that r , f , and g are well-defined, that is,
cos{√2a(u + c)} , 0, and sin{√2a(u + c)} , 0. The proof of (i) has been completed.
Second, we determine the condition that a surface X is timelike. The timelike condition
can be determined the same as the case (i). By (4.21), the surface is timelike on J × R if and
only if a < 0 and (b2/r(u)2) − 2ag′(u) < 0 on J. When a < 0, by Theorem 3.10, we get
(b2/r(u)2) − 2ag′(u) = −2ap cosh2{√−2a(−u + c)}. Therefore X is timelike if and only if
a < 0 and p < 0. The maximal interval J is determined by the condition that r , f , and g are
well-defined, that is, J ⊂ R \ {c}. The proof of (ii) has been completed.
Next we will check the condition that a surface has two causal characters. Note that If
a = 0, the causal character of the surface changes from spacelike to timelike along the curve
v = (r(u)/b)g′(u). Third, we consider the condition that the surface has both spacelike part and
lightlike part. Since the surface does not have the timelike part, we get a > 0. Considering
the discriminant of the right-hand side of (4.21) for every u ∈ J, the condition is equivalent
to a > 0 and for arbitrary u ∈ J, (b2/r(u)2) − 2ag′(u) ≤ 0 and there exists a u ∈ J such that
(b2/r(u)2) − 2ag′(u) = 0.
Moreover, since (b2/r(u)2) − 2ag′(u) = −2ap cos2{√2a(u + c)}, the above condition is
equivalent to a > 0 and p = 0. Next we determine the shape of the lightlike part. By (4.21),
the surface is lightlike on the domain
v(u) = b
ar(u) =
√
2b
a
√
a
cot{√2a(u + c)}, u ∈ J, (4.22)
and the lightlike part is
c(u) = X(u, v(u)) =
(
f (u) + v(u), g(u) + u + r(u)v(u)
2
2
, g(u) − u + r(u)v(u)
2
2
)
.
Since a > 0 and p = 0, we get
f (u) = −
√
2b
a
3
2
cot{√2a(u + c)} − 2b
a
(u + c)
= −v(u) − 2b
a
(u + c).
By (4.22), r(u)v(u)2/2 = (b/2a)v(u) and then
g(u) + r(u)v(u)
2
2
= −b
2
a2
(u + c).
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Therefore the lightlike part is the following line:
c(u) = u
(
−2b
a
, 1 − b
2
a2
,−1 − b
2
a2
)
+
(
−2bc
a
,−b
2c
a2
,−b
2c
a2
)
.
The proof of (iii) has been completed.
Fourth, we consider the condition that a surface has both a timelike part and a lightlike
part. Since the surface does not have the spacelike part, we get a < 0. Considering the
discriminant of the right-hand side of (4.21) for every u ∈ J, the condition is equivalent to
a < 0 and for arbitrary u ∈ J, b2/r(u)2 − 2ag′(u) ≤ 0 and there exists a u ∈ J such that
b2/r(u)2 − 2ag′(u) = 0. Moreover, since b2/r(u)2 − 2ag′(u) = −2ap cosh2{√−2a(−u + c)},
the above condition is equivalent to a < 0 and p = 0.
Next we determine the shape of the lightlike part. By (4.21), the surface is lightlike on the
domain
v(u) = b
ar(u) =
√
2b
a
√−a coth{
√−2a(−u + c)}, u ∈ J, (4.23)
and the lightlike part is
c(u) = X(u, v(u)) =
(
f (u) + v(u), g(u) + u + r(u)v(u)
2
2
, g(u) − u + r(u)v(u)
2
2
)
.
Since a < 0 and p = 0, we get
f (u) = −
√
2b
a
√−a coth{
√−2a(−u + c)} − 2b
a
(u + c)
= −v(u) − 2b
a
(u + c).
By (4.22), r(u)v(u)2/2 = (b/2a)v(u) and then
g(u) + r(u)v(u)
2
2
=
b2
a2
(−u + c).
Therefore the lightlike part is the following line:
c(u) = u
(
−2b
a
, 1 − b
2
a2
,−1 − b
2
a2
)
+
(
−2bc
a
,−b
2c
a2
,−b
2c
a2
)
.
The proof of (iv) has been completed.
Fifth, we determine the condition that a surface X has all causal characters. Since (a, b) ,
(0, 0), X is not to be lightlike. Therefore the surface which does not satisfy the condition from
(i) to (iv) is a surface which changes its causal characters. The proof of (v) and so the proof of
(1) have been completed.
Now we prove (2). The discriminant of the right-hand side of (4.21) is determined by
b2/r(u)2 − 2ag′(u) = 4a√−2ape−2
√−2au. Therefore causal characters of the surface X is
determined by only p.
When p > 0, the discriminant of the right-hand side of (4.21) is negative. Therefore the
surface X is timelike. The proof of (i) has been completed.
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When p = 0, the discriminant of the right-hand side of (4.21) is identically zero. Therefore
the surface X has a timelike part and a lightlike part. Since
EG − F2 = −4 ©­«
b
a
−
√
− a
2
v
ª®¬
2
,
the surface X is lightlike on v = v0 := (b/a)
√
2/−a, therefore the lightlike part of the surface is
the following straight line:
c(u) = X(u, v0) =
(
−2b
a
+ v0,−b
2
a2
u + u +
1
2
√−a
2
v20,−
b2
a2
u − u + 1
2
√−a
2
v20
)
.
The proof of (ii) has been completed.
When p < 0, the discriminant of the right-hand side of (4.21) is positive. Therefore the
surface X has all causal characters. The proof of (iii) and so the proof of (2) have been
completed. 
Similarly, as Section 4.1 and 4.2, it should be noted that there is a relationship between
singular type surfaces and asymptotic behaviors of some general type surfaces. If we consider
a general type surface which belongs to the class (1) (iv) in Theorem 4.3, this surface has the
parametrization (3.10) with the following functions:
r(u) =
√
− a
2
tanh{√−2a(−u + c)},
f (u) = − b
ar(u) −
2b
a
(u + c),
g(u) = −2 b
2
a2r(u) +
b2
a2
(−u + c).
By taking a limit r → √−a/2, we obtain the functions r , f , and g of the singular type surface
which belongs to the class (2) (ii) in Theorem 4.3. Therefore, the corresponding surface is a
singular type surface which has timelike part and a lightlike line. Figure 10 and 11 in Section
5.4 are pictures of the above two surfaces.
By Theorems 4.1, 4.2, and 4.3, we classified ZMC surfaces of Riemann type according to
their causal characters. In particular, we obtain the following corollary for ZMC surfaces of
Riemann type which have exactly two causal characters, that is, only spacelike and lightlike
parts, or only timelike and lightlike parts.
Corollary 4.4. If a ZMC surface of Riemann type has exactly two causal characters, then the
lightlike part is a part of a straight line.
The following figures are Type II ZMC surfaces of Riemann type (3.7) whose parameter δ
varies from
√
2 to 1/2. In the second figure, the surface has timelike part and a lightlike line.
Remark 4.5. It is not necessary that a ZMC surface of Riemann type which has a lightlike
line (or a part of a straight line) has exactly two causal characters. In fact, if we consider the
following special case of the case (v) in Theorem 4.2: b = −2|a| and r2 > 1/c, each surface
in this class has all causal characters and a lightlike half-line. Moreover, the lightlike part of
the surface in this class consists of a lightlike half-line and two non-degenerate null curves,
and the surface is timelike along the lightlike half-line and changes its causal characters along
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δ =
√
2: Timelike δ = 1: Lightlike and
timelike
δ = 12 : All causal characters
Figure 1. Type II ZMC surfaces of Riemann type (3.7) whose parameter δ
vary from
√
2 to 1/2.
non-degenerate null curves. We can extend this surface along the straight line which is regarded
as a circle with infinite radius, and the extended surface has a lightlike line. Figure 2 shows a
surface in this class.
Figure 2. A surface which has all causal characters and whose lightlike part
consists of a straight line and two non-degenerate null curves.
5. ZMC surfaces containing a lightlike line
5.1. Characteristic of ZMC surfaces containing a lightlike line. In this section, we calculate
characteristics which were introduced in [4] and determine the types of ZMC surfaces of
Riemann type containing a lightlike line which appeared in the previous section. First, we
review the definition of the characteristic of a ZMC surface containing a lightlike line, and give
a useful lemma to calculate characteristics.
Suppose that a ZMC surface with parameters (u, v):
X(u, v) = (x(u, v), y(u, v), t(u, v)),
has a lightlike part L contained in {(0, t, t) | t ∈ R}. Near the lightlike line segment L, the
surface can be written as a graph on the xy-plane:
t = t(x, y) = t(x(u, v), y(u, v)).
By the condition that mean curvature is identically zero, if we set α(y) = txx(0, y), then α
satisfies the following ODE:
dα
dy
(y) + α2(y) + µ = 0, (5.1)
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where µ is a real constant called the characteristic of the ZMC surface along L. The notion
of the characteristic of a ZMC surface was introduced in [4]. There several examples of ZMC
surfaces containing a lightlike line were constructed, and their α and µ were determined (see
Table 2). By a homothetic change, the characteristic µ can be −1, 0, or 1, and there is a
relationship between the sign of the characteristic of a surface and its causal characters as
proved in [4].
Proposition 5.1 ([4, Proposition 1]). If µ > 0, the surface is spacelike on both sides of L, and
if µ < 0, the surface is timelike on both sides of L.
If µ = 0, we can not determine causal characters across the lightlike line; however, surfaces
which change their causal characters from spacelike to timelike across a lightlike line have
always characteristic µ = 0.
Table 1 shows the explicit solutions α(y) of (5.1), and Table 2 shows examples of ZMC
surfaces containing a lightlike line. See the references [4, 5, 6] for details.
The following lemma is useful to calculate the characteristics of ZMC surfaces.
Lemma 5.2. In the above situation, it holds that on the lightlike line
tuu(0, y) = α(y)xu(0, y)2 + yuu(0, y).
Proof. By the chain rule,
tuu = txx x2u + 2txy xuyu + tx xuu + tyyy
2
u + tyyuu .
By the assumption that the lightlike line L is in {(0, t, t) | t ∈ R}, we get tx(0, y) = 0, ty(0, y) = 1,
txy(0, y) = 0, and tyy(0, y) = 0. Substitute these partial derivatives into the above equality, then
we obtain the formula. 
µ Types of α
µ = 1 α+ := − tan(y + c)
µ = 0 α0I := 0 α
0
II := (y + c)−1
µ = −1 α−I := tanh(y + c) α−II := coth(y + c) α−III := ±1
Table 1. µ and α.
α Examples of ZMC surfaces
α+ Spacelike Scherk surface
α0I The lightlike plane, surfaces which change type constructed in [5]
α0II Parabolic and hyperbolic catenoids, the light cone
α−I Timelike Scherk surface of second kind
α−II Timelike Scherk surface of first kind
α−III A Klyachin’s example in [13]
Table 2. Examples of ZMC surfaces according to types of α.
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5.2. ZMC surfaces of Riemann type foliated by Euclidean circles containing a lightlike
line. By Theorem 4.1, if a ZMC surface of Riemann type which is foliated by circles in
spacelike parallel planes either has exactly two causal characters or satisfies the conditions that
b = −2a and r2 > 1/a, the surface contains a lightlike line segment. Each of ZMC surfaces
(3.2) contains a lightlike line (segment), and each of the ZMC surfaces (3.3) contains two
lightlike lines.
Theorem 5.3. ZMC surfaces of Riemann type which are given by (3.2) or (3.3) and have
lightlike lines have following characteristics of ZMC surfaces.
(1) General type:
(i) In the case when b = 2a, the surface
X(r, θ) =
(∫ r
0
as2
as2 + 1
ds + r cos θ, r sin θ,
∫ r
0
1
as2 + 1
ds
)
is an α+-type ZMC surface with the characteristic µ = |a| along its lightlike line (see Figure 3).
(ii) In the case when b = −2a and 0 < r2 < 1/a, the surface
X(r, θ) =
(∫ r
0
as2
1 − as2 ds + r cos θ, r sin θ,
∫ r
0
1
1 − as2 ds
)
is an α−II-type ZMC surface with the characteristic µ = −a along its lightlike line (see Figure
4).
(iii) In the case when b = −2a and r2, r20 > 1/a, the surface
X(r, θ) =
(∫ r
r0
as2
as2 − 1 ds + r cos θ, r sin θ,
∫ r
r0
1
as2 − 1 ds
)
is an α−I -type ZMC surface with the characteristic µ = −a along its lightlike line (see Figure
2).
(2) Singular type: every singular type surface (3.3) is an α−III-type ZMC surface with the charac-
teristic µ = −a along each of its lightlike lines (see Figure 5).
Proof. First we prove (1). Let us consider a surface X which satisfies the condition (i). By the
proof of Theorem 4.1, the lightlike line of the surface is
c(r) = X(r, pi) =
∫ r
0
1
1 + as2
ds (−1, 0, 1) .
By considering the following coordinate transformation on L3,
A = ©­«
0 1 0
−1 0 0
0 0 1
ª®¬,
and the immersion X˜(r, θ) := A ◦ X(r, θ). Then X˜ is written as
X˜(r, θ) = (x(r, θ), y(r, θ), t(r, θ))
=
(
r sin θ,−
∫ r
0
as2
as2 + 1
ds − r cos θ,
∫ r
0
1
as2 + 1
ds
)
,
and the lightlike part of the surface is in {(0, t, t) | t ∈ R}. We write X˜ as X again and determine
the function α.
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By computing partial derivatives of coordinate functions on the lightlike line, xθ(r, pi) = −r ,
yθθ(r, pi) = −r , and tθθ(r, pi) = 0. By using Lemma 5.2, we get
0 = α(y(r))r2 − r .
Therefore we obtain α(y(r)) = 1/r .
On the other hand, by differentiating y(r, θ) with respect to y,
1 = − ar
2
ar2 + 1
ry − ry cos θ + r sin θθy,
and then we get ry(r, pi) = ar2 + 1, and hence,
dα
dy
(y(r)) + α2(y(r)) = − 1
r2
× (ar2 + 1) + 1
r2
= −a.
Therefore we obtain the characteristic µ = a, and hence the surface is an α+-type ZMC surface
with the characteristic µ = a.
For any surface X which satisfies the condition (ii), we can check that α(y(r)) = 1/r and
µ = −a by a similar calculation as in the case (i). Since r2 < 1/a, the function α is unbounded.
Therefore the surface is an α−II-type ZMC surface with the characteristic µ = −a.
For any surface X which satisfies the condition (iii), we can check that α(y(r)) = −1/r and
µ = −a by a similar calculation as in the case (i) and (ii). Since r2 > 1/a, the function α is
bounded. Therefore the surface is an α−I -type ZMC surface with the characteristic µ = −a.
Now we prove (2). We can check that α(y(r)) = −√a and µ = −a along each of its lightlike
lines by a similar calculation as in the above cases. Since the function α is a constant function,
the surface is an α−III-type ZMC surface with the characteristic µ = −a along each of its lightlike
lines. The proof has been completed. 
Figure 3. An α+-
type surface foliated
by Euclidean circles
and straight lines
(general type).
Figure 4. An α−II-
type surface foliated
by Euclidean circles
(general type).
Figure 5. An α−III-
type surface foliated
by Euclidean circles
(Singular type).
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5.3. ZMC surfaces of Riemann type foliated by hyperbolas containing a lightlike line. By
Theorem 4.2, if a Type II ZMC surface of Riemann type which is foliated by circles in timelike
parallel planes has exactly two causal characters, the surface contains a lightlike line (segment).
Theorem 5.4. Type II ZMC surfaces of Riemann type given by (3.7) which have exactly two
causal characters and surfaces given by (3.9) have following characteristics of ZMC surfaces.
(1) General type:
(i) In the case when a < b, a2 − b2 < 0, 0 < c = δ, and 0 < r2 < 1/c, the surface
X(r, θ) =
(∫ r
0
1
1 − cs2 ds,
∫ r
0
as2
1 − cs2 ds + r sinh θ,
∫ r
0
bs2
1 − cs2 ds + r cosh θ
)
is an α−II-type ZMC surface with the characteristic µ = −c3/b2 along its lightlike line (see
Figure 6).
(ii) In the case when a > b, a2 − b2 < 0, 0 < c = δ, and r2, r20 > 1/c, the surface
X(r, θ) =
(∫ r
r0
1
cs2 − 1 ds,
∫ r
r0
as2
cs2 − 1 ds + r sinh θ,
∫ r
r0
bs2
cs2 − 1 ds + r cosh θ
)
is an α−I -type ZMC surface with the characteristic µ = −c3/b2 along its lightlike line (see
Figure 7).
(2) Singular type: every singular type surface (3.9) is an α−III-type ZMC surface with the charac-
teristic µ = −c3/b2 along its lightlike line (see Figure 8).
Proof. First we prove (1). For any surface X which satisfies the condition (i), by the proof of
Theorem 4.2, the lightlike line of the surface is
c(r) = X(r, θ1) =
1
c
∫ r
0
1
∆(s) ds (c, a, b) .
At first, to calculate the characteristic of the surface, we find an element of the isometry group
which maps the vector (c, a, b) to the vector (0, t0, t0) for some t0 ∈ R \ {0}. By considering a
rotation about the time axis, one of such elements can be written as
A = ©­«
a/b −c/b 0
c/b a/b 0
0 0 1
ª®¬.
Therefore if we consider the immersion X˜(r, θ) := A ◦ X(r, θ), since
∆(s) = 1 − cs2, a
b
∫ r
0
1
∆(s) ds −
c
b
∫ r
0
as2
∆(s) ds =
a
b
r,
hence X˜ is written as
X˜(r, θ) = (x(r, θ), y(r, θ), z(r, θ))
=
(
a
b
r − c
b
r sinh θ,
c
b
∫ r
0
1
∆(s) ds +
a
b
∫ r
0
as2
∆(s) ds +
a
b
r sinh θ,
∫ r
0
bs2
∆(s) ds + r cosh θ
)
,
and the lightlike part of the surface is in {(0, t, t) | t ∈ R}. We write X˜ as X again and determine
the function α. Noting that cosh θ1 = b/c, sinh θ1 = a/c, we can compute partial derivatives
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of coordinate functions on the lightlike line and get xθ(r, θ1) = −r , yθθ(r, θ1) = (a2/bc)r , and
tθθ(r, θ1) = (b/c)r . By using Lemma 5.2, we get
b
c
r = α(y(r))r2 + a
2
bc
r .
Therefore we obtain α(y(r)) = c/br .
On the other hand, by differentiating x(r, θ) and y(r, θ) with respect to y,{
0 = ab ry − cb ry sinh θ − cb r cosh θθy
1 = c
b∆(r)ry +
a2r2
b∆(r)ry +
a
b sinh θry +
a
b r cosh θθy,
and then we get ry(r, θ) = (c/b)∆(r), and hence,
dα
dy
(y(r)) + α2(y(r)) = − c
br2
× c
b
∆(r) + ( c
br
)2
=
c3
b2
.
Therefore we obtain the characteristic µ = −c3/b2, and hence α is of α−-type. Since α is
bounded, the surface is of α−II-type.
For the surface X which satisfies the condition (ii), by the proof of Theorem 4.2, the lightlike
part of the surface is written as
c(r) = X(r, θ2) =
1
c
∫ r
r0
1
∆(s) ds (c, a, b) −
1
c
(0, a, b) .
Therefore if we consider the immersion X˜(r, θ) := A ◦ [X(r, θ) + (1/c) (0, a, b)], since
∆(s) = cs2 − 1, a
b
∫ r
r0
1
∆(s) ds −
c
b
∫ r
r0
as2
∆(s) ds =
a
b
r0 − abr,
and hence X˜ is written as
X˜(r, θ) = (x(r, θ), y(r, θ), t(r, θ))
=
(
−a
b
r − c
b
r sinh θ,
c
b
∫ r
r0
1
∆(s) ds +
a
b
∫ r
r0
as2
∆(s) ds +
a
b
r sinh θ +
a2
bc
r0,
∫ r
r0
bs2
∆(s) ds + r cosh θ +
b
c
r0
)
,
and the lightlike part of the surface is in {(0, t, t) | t ∈ R}. We write X˜ as X again and determine
the function α. Noting that cosh θ2 = −b/c, sinh θ2 = −a/c, we can compute partial derivatives
of coordinate functions on the lightlike line and get xθ(r, θ2) = r , yθθ(r, θ2) = −(a2/bc)r , and
tθθ(r, θ2) = −(b/c)r . By using Lemma 5.2, we get
−b
c
r = α(y(r))r2 − a
2
bc
r .
Therefore we obtain α(y(r)) = −c/br .
On the other hand, by differentiating x(r, θ) and y(r, θ) with respect to y,{
0 = − ab ry − cb ry sinh θ − cb r cosh θθy
1 = c
b∆(r)ry +
a2r2
b∆(r)ry +
a
b sinh θry +
a
b r cosh θθy,
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Figure 6. An α−II-type
surface foliated by hyper-
bolas (general type).
Figure 7. An α−I -type
surface foliated by hyper-
bolas (general type).
Figure 8. An α−III-type
surface foliated by hyper-
bolas (singular type).
and then we get ry(r, θ) = (c/b)∆(r), and hence,
dα
dy
(y(r)) + α2(y(r)) = c
br2
× c
b
∆(r) + (− c
br
)2
=
c3
b2
.
Therefore we obtain the characteristic µ = −c3/b2, and hence α is of α−-type. Since α is
unbounded, the surface is of α−I -type.
Now we prove (2). We can check that α(y(r)) = ±c√c/b (the two signs represent the cases
a < b and a > b, respectively) and µ = −c3/b2 by a similar calculation as in the above cases.
Since the function α is a constant function, the surface is an α−III-type ZMC surface with the
characteristic µ = −c3/b2. The proof has been completed. 
5.4. ZMC surfaces of Riemann type foliated by parabolas containing a lightlike line. By
Theorem 4.3, if a ZMC surface of Riemann type which is foliated by circles in lightlike parallel
planes has exactly two causal characters, the surface contains a lightlike line (segment).
Theorem 5.5. ZMC surfaces of Riemann type given by (3.10) which have exactly two causal
characters have the following characteristics of ZMC surfaces.
(1) General type:
(i) In the case when a > 0 and p = 0, the surface (3.10) is an α+-type ZMC surface with the
characteristic µ = 2a5/(a2 + b2)2 along its lightlike line (see Figure 9).
(ii) In the case when a < 0 and p = 0, the surface (3.10) is an α−I -type ZMC surface with the
characteristic µ = 2a5/(a2 + b2)2 along its lightlike line (see Figure 10).
(2) Singular type: In the case when a < 0 and p = 0, the surface (3.10) is an α−III-type ZMC
surface with the characteristic µ = 2a5/(a2 + b2)2 along its lightlike line (see Figure 11).
Proof. We can prove the theorem by a similar way as the proof of Theorem 5.3. First we
prove (1). For any surface X which satisfies the condition (i), by the proof of Theorem 4.3, the
30 S. AKAMINE
lightlike line of the surface is
c(u) = u
(
−2b
a
, 1 − b
2
a2
,−1 − b
2
a2
)
+
(
−2bc
a
,−b
2c
a2
,−b
2c
a2
)
,
where v(u) = b/(ar(u)). If we take the following element of the isometry group
A = ©­«
(a2 − b2)(a2 + b2) 2ab/(a2 + b2) 0
−2ab/(a2 + b2) (a2 − b2)/(a2 + b2) 0
0 0 −1
ª®¬
and consider the immersion X˜(u, v) := A ◦ X(u, v), the lightlike part of the surface is in
{(0, t, t) | t ∈ R} up to an translation. We write X˜ as X again and determine the function
α. If we write X˜(u, v) as (x(u, v), y(u, v), t(u, v)), by a straightforward computation, we get
xv(u, v(u)) = 1, yvv(u, v(u)) = ((a2 − b2)/(a2 + b2))r(u), and tvv(u, v(u)) = −r(u). By using
Lemma 5.2, we get
−r(u) = α(y(u)) + a
2 − b2
(a2 + b2)r(u).
Therefore we obtain α(y(u)) = −(2a2/(a2 + b2))r(u).
On the other hand, by differentiating x(u, v) and y(u, v) with respect to y,{
0 = a
2−b2
a2+b2
( f ′(u)uy + vy) + 2aba2+b2 (g′(u)uy + uy +
r′(u)uyv2+2r(u)vvy
2 )
1 = − 2ab
a2+b2
( f ′(u)uy + vy) + a2−b2a2+b2 (g′(u)uy + uy +
r′(u)uyv2+2r(u)vvy
2 ).
By using the equalities f ′(u) = b/r2(u), g′(u) = b2/2ar2(u), r ′(u) = 2r2(u) + a, and v(u) =
b/ar(u), we obtain uy(u, v(u)) = a2/(a2 + b2), and hence,
dα
dy
(y(u)) + α2(y(u)) = − 2a
2
a2 + b2
r ′(u) × a
2
a2 + b2
+ (− 2a
a2 + b2
r(u))2 (5.2)
= − 2a
5
(a2 + b2)2 .
Therefore we obtain the characteristic µ = 2a5/(a2 + b2)2 > 0, and hence α is of α+-type.
For any surface X which satisfies the condition (ii), the lightlike part of the surface is exactly
the same as the case (i). Therefore we get α(y(u)) = −(2a2/(a2+ b2))r(u) and the characteristic
µ = 2a5/(a2 + b2)2 < 0, and hence α is of α−-type. Since α is non-constant and bounded, the
surface is of α−I -type.
Now we prove (2). We can check that
α(y(r)) = −
√−a
2
2a2
a2 + b2
and µ =
2a5
(a2 + b2)2
by a similar calculation as in the above cases. Since the function α is a constant function, the
surface is an α−III-type ZMC surface with the characteristic µ = 2a
5/(a2 + b2)2. The proof has
been completed. 
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Figure 9. An α+-type sur-
face foliated by parabolas and
straight lines (general type).
Figure 10. An α−I -type sur-
face foliated by parabolas and
a straight line (general type).
Figure 11. An α−III-type sur-
face foliated by parabolas (sin-
gular type).
6. New examples of ZMC entire graphs which have all causal characters
In [14], Kobayashi constructed the following ZMC entire graphs t = fi(x, y), i = 1, 2, which
are called the helicoid of the second kind and Scherk’s surface of the first kind, respectively:
f1(x, y) := x tanh y, (6.1)
f2(x, y) := log (cosh x) − log (cosh y). (6.2)
In this section, as an application of Theorem 4.3, we prove that there is a new ZMC entire graph
of Riemann type which has all causal characters in addition to the above examples.
Theorem 6.1. The surfaces
X(u, v) = ©­«v, pe−2
√−2au + u +
√
− a
2
v2
2
, pe−2
√−2au − u +
√
− a
2
v2
2
ª®¬ , (u, v) ∈ R2 (6.3)
are ZMC entire graphs which have all causal characters, where a and p are negative constants.
Moreover, these surfaces are not congruent to neither (6.1) nor (6.2). By coordinate trans-
formations, translations, and homothetic changes, without loss of generality, we can take the
constants a = −2 and p = −1. Therefore, we obtain exactly one new ZMC entire graph written
as (1.1).
Proof. Since the surface (6.3) is a ZMC surface which belongs to the class (2) (iii) in Theorem
4.3, it has all causal characters. Since p < 0, if we define the function φα(u) = pe−2
√−2au+u+α
for arbitrary α in R, it is bijective on R. Using the function φα, the coordinate function t is
written as follows:
t = p exp
(
−2√−2a(φ√ −a
2
x2
2
)−1(y)
)
− (φ√ −a
2
x2
2
)−1(y) +
√−a
2
x2
2
.
Therefore, the surface (6.3) is a ZMC entire graph which has all causal characters.
The surface (6.3) is not congruent to neither the surface (6.1) nor (6.2). In fact, the surface
(6.1) is a ruled surface (see [14, Example 2.8]). On the other hand, by a direct calculation,
we can prove that the surface (6.3) is not a ruled surface (see Proposition 2 in Appendix B).
Therefore the surface (6.3) is not congruent to (6.1). Moreover, the surface (6.2) is lightlike on
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the set {(x, y) | tanh2 x + tanh2 y = 1}, that is, the lightlike part of the surface (6.2) consists
of four connected component. On the other hand, the lightlike part of the surface (6.3) consists
of the following two disjoint curves (see Figure 12):
c+(u) =
©­­«
(
− 8pe−2
√−2au
√−2a
) 1
2
,−pe−2
√−2au + u,−pe−2
√−2au − uª®®¬ , u ∈ R,
c−(u) =
©­­«−
(
− 8pe−2
√−2au
√−2a
) 1
2
,−pe−2
√−2au + u,−pe−2
√−2au − uª®®¬ , u ∈ R,
therefore the surface (6.3) is not congruent to the surface (6.2). 
Figure 12. A ZMC entire graph which has all causal characters and whose
lightlike curves.
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Appendix A. The condition for a surface foliated by circles in lightlike parallel
planes to be rotational
As pointed out in [17], surfaces which are foliated by circles in the lightlike parallel planes
Pu = {u(0, 1,−1) + a(1, 0, 0) + b(0, 1, 1)|a, b ∈ R}, u ∈ J ⊂ R
are parametrized as (3.10) in Section 3. Each circle is the orbit of the identity component of
the isometry group which fixes pointwise the axis l = span{e2 + e3}. In this appendix, we give
a necessary and sufficient condition for a surface foliated by circles in lightlike parallel planes
to be rotational.
Proposition 1. A surface given by (3.10) is rotational with the lightlike axis l, that is, invariant
under the actions of the subgroup of the isometry group which fixes pointwise the line l if and
only if
f = 0 and r(u) = − 1
2u
hold.
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Proof. The surface given by (3.10) is rotational with the axis l if and only if for arbitrary θ and
v ∈ R, there exist u˜ ∈ J and v˜ ∈ R such that
©­«
1 θ −θ
−θ 1 − θ2/2 θ2/2
−θ −θ2/2 1 + θ2/2
ª®¬ ©­«
f (u) + v
g(u) + u + r(u)v2/2
g(u) − u + r(u)v2/2
ª®¬ = ©­«
f (u˜) + v˜
g(u˜) + u˜ + r(u˜)v˜2/2
g(u˜) − u˜ + r(u˜)v˜2/2
ª®¬,
that is,
©­«
f (u) + v + 2uθ
−θ f (u) − θv + g(u) + u + r(u)v2/2 − uθ2
−θ f (u) − θv + g(u) − u + r(u)v2/2 − uθ2
ª®¬ = ©­«
f (u˜) + v˜
g(u˜) + u˜ + r(u˜)v˜2/2
g(u˜) − u˜ + r(u˜)v˜2/2
ª®¬.
By the second and third equations, we get u˜ = u. Substituting this to the first equation, we
get v˜ = v + 2uθ. By substituting u˜ and v˜ to the second equation, we obtain f = 0 and
r(u) = −1/2u. 
Appendix B. Proof of the fact that the surface (6.3) is not a ruled surface
Proposition 2. The surface (6.3) is not a ruled surface.
Proof. We prove by contradiction. If the surface X given by (6.3) is a ruled surface, then it has
the following local representation:
X(u, v) = c(τ) + sn(τ), (B.1)
where c and n are curves in L3. By differentiating (B.1) with respect to s, we get
us
©­­«
0
−2√−2ape−2
√−2au + 1
−2√−2ape−2
√−2au − 1
ª®®¬ + vs
©­«
1√−a/2v√−a/2v ª®®¬ = n(τ) =
©­«
n1(τ)
n2(τ)
n3(τ)
ª®¬ . (B.2)
From these equations, we obtain {
vs(τ, s) = n1(τ), (B.3a)
2us(τ, s) = n2(τ) − n3(τ). (B.3b)
By differentiating (B.2) with respect to s, we get
u2s
©­­«
0
−8ape−2
√−2au
−8ape−2
√−2au
ª®®¬ + uss
©­­«
0
−2√−2ape−2
√−2au + 1
−2√−2ape−2
√−2au − 1
ª®®¬ + v2s
©­«
0√−a/2√−a/2 ª®®¬ + vss
©­«
1√−a/2v√−a/2v ª®®¬ = 0.
From these equations, we obtain
vs(τ, s) = ±
(
2
−a
) 1
4 √
8ape−
√−2au(τ,s)us(τ, s).
By substituting (B.3a) and (B.3b) to the above equation, we get
n1(τ) = ±
(
2
−a
) 1
4 √
2ape−
√−2au(τ,s)(n2(τ) − n3(τ)). (B.4)
If there exists a constant τ0 ∈ R such that n2(τ0) − n3(τ0) = 0, then n1(τ0) = 0 by (B.4), and
hence n(τ0) = 0 by (B.2), (B.3a), and (B.3b). It means that the surface (B.1) is not immersed
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at τ = τ0, which is a contradiction. Therefore, we obtain n2(τ) − n3(τ) , 0 holds for arbitrary
τ, and by (B.4),
n1(τ)
n2(τ) − n3(τ) = ±
(
2
−a
) 1
4 √
2ape−
√−2au(τ,s).
Since the left hand side of the above equation does not depend on s, we get us(τ, s) = 0. By
using (B.3b), we get n2(τ)−n3(τ) = 0, which is a contradiction, and hence we obtain the desired
result. 
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